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Exploring a few nonlinear optical properties
of dopedGaAs quantumdot driven by noise−
confinement ratio interplay
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ABSTRACT: The study explores the profiles of a few important nonlinear optical (NLO) properties
of impurity doped GaAs quantum dot (QD). The NLO properties considered are the nonlinear optical
rectification (NOR), the second harmonic generation (SHG) and the third harmonic generation (THG). The
enquiry aims to understand how the interplay between Gaussian white noise and the confinement ratio (CFR)
can fine-tune the above properties. The said interplay comes out to be delicately dependent on the route of
incorporation of noise (additive/multiplicative) to the QD system. The interplay governs both the peak values
and peak shifts of the NLO properties in rather complicated manner. Moreover, by prudent adjustment of
CFR value and mode of application of noise the NLO properties can often be maximized.
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1. INTRODUCTION

The importance of dopant impurity is enormous in
carrying out remarkable changes in the electric,
magnetic, transport and optical properties of
low-dimensional semiconductor nanostructures
(LDSNs). Naturally, LDSNs enjoy ubiquitous
applications in several sophisticated quantum devices.
Above changes are mainly caused by the delicate
interplay between the basic confinement potential of
LDSN and the impurity potential [1–26]. Nonlinear
optical (NLO) properties emerge as an outcome of
the nonlinear response of a material to the strength
of the incident optical radiation. Generally, we
observe large NLO response if the transition matrix
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element becomes appreciable. Extensive research on
the NLO properties of doped LDSN has immensely
contributed towards design and manufacture of many
advanced opto-electronic devices. These devices are
capable of producing targeted emission and ultra-fine
spectra[27, 28]. Therefore, research works on the
NLO properties of LDSN have been going unabated
[2, 5, 6, 8, 11, 14, 15, 17, 20, 23, 26, 29, 30].
Nonlinear optical rectification (NOR) is a

second-order NLO property that produces a static
electric field across the nonlinear material. NOR
is the manifestation of a quasi DCpolarization
or a single wave emission when an intense light
beam passes through the NLO medium. NOR plays
crucial role in the detection of radiation in the
THz region by applying lasers [31]. Therefore,
there is no dearth of studies dealing with NOR
of LDSN [32–38]. Second harmonic generation
(SHG) and the third harmonic generation (THG)
are important second-order and third-order NLO
properties responsible for generating light waves
having frequencies twice and thrice that of the
incident radiation, respectively. SHG exhibits
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extreme sensitivity to the symmetry of the system.
This makes SHG an important probe for examining
the second-order properties of surface and interfaces
[68] producing considerable amount of research
on this property [38–43]. Similarly, THG displays
rigorous usage in alloptical switching, modulating
and computing devices [44]. Naturally, substantial
research activities on THG of LDSNs have also been
envisaged [35, 43, 45–52]. The physical properties
of LDSN strongly depends on its confinement
potential and it has been possible to modulate
the confinement potential experimentally [53]. The
said modulation can be carried out by means of
impurity, external parameters like electric field,
magnetic field, temperature, pressure etc and noise.
Such modulations invariably help tailor the NLO
properties of LDSN.
Current work deals with GaAs QD comprising of

a lone electron with a constrained motion over the
𝑥 − 𝑦 plane subject to a lateral parabolic confinement
potential. The QD confinement potential also involves
a magnetic field perpendicular to the 𝑥 − 𝑦 plane.
The QD incorporates Gaussian impurity as dopant
and Gaussian white noise has been applied via
additive and multiplicative routes. In practice, lateral
confinement is often exploited to produce QDs since
such confinement arrests the motion of the electrons
which were originally locked in an extremely narrow
quantum well. The transverse dimensions of QDs
manufactured in this way overwhelm its thickness
making QDs assume a flat disk shape. As an outcome,
the excitation energy of the electron across the disk
outweighs other relevant energies. The confined
electron, thus, becomes virtually two-dimensional [54].
In the present work, the quantities 𝜔0 and 𝜔𝑐 are the

two parameters that represent the inherent confinement
frequency for both 𝑥 and 𝑦 directions and only for
𝑦 direction, respectively. 𝜔𝑐, in effect, comes out to
be proportional to the strength of the perpendicular
magnetic field. The study strives to explore the
resultant effect of these two confinement frequencies
(tantamount to confinement potentials) on NOR, SHG
and THG of doped GaAs QD in presence of Gaussian
white noise. In view of this the confinement ratio
(CFR) is defined as 𝜔𝑟 = 𝜔𝑐/𝜔0. The study scrutinizes
the profiles of above properties as a function of CFR
with and without noise. The scrutiny unveils how the
resultant influence of the confinements in the two
directions interplays with noise (including the path
of application of noise) and governs the above NLO
properties.

2. METHOD

The QD Hamiltonian containing impurity and under
applied Gaussian white noise reads

𝐻0 = 𝐻′
0 + 𝑉𝑖𝑚𝑝 + 𝜉(𝑥, 𝑦). (1)

𝐻′
0 represents the QD Hamiltonian without dopant,

which, under effective mass approximation, can be
written as

𝐻′
0 = 1

2𝑚∗ [−𝑖ℏ∇ + 𝑒
𝑐A]

2
+ 1

2𝑚∗𝜔2
0(𝑥2 + 𝑦2). (2)

𝐻′
0 contains the lateral parabolic confinement

1
2𝑚∗𝜔2

0(𝑥2 + 𝑦2), where, 𝜔0 and 𝑚∗ represent the
confinement frequency and the electronic effective
mass, respectively. The vector potential A, in Landau
gauge, can be defined as [𝐴 = (𝐵𝑦, 0, 0)], where 𝐵
is the magnetic field strength. More explicitly, 𝐻′

0
can be written as [55, 56]

𝐻′
0 = − ℏ2

2𝑚∗ ( 𝜕2

𝜕𝑥2 + 𝜕2

𝜕𝑦2 )

+ 1
2𝑚∗𝜔2

0𝑥2 + 1
2𝑚∗Ω2𝑦2 − 𝑖ℏ𝜔𝑐𝑦 𝜕

𝜕𝑥

(3)

where the cyclotron frequency (𝜔𝑐) is given by

𝜔𝑐 (= 𝑒𝐵
𝑚∗𝑐 ) and Ω = √𝜔2

0 + 𝜔2𝑐 .

Thus, whereas the confinement frequency 𝜔0
becomes present in both 𝑥 and 𝑦 directions, the
other confinement frequency, viz. 𝜔𝑐 becomes
present only in 𝑦 direction and is simply proportional
to 𝐵. We now define the confinement ratio (CFR)
as 𝜔𝑟 = 𝜔𝑐/𝜔0.
The impurity potential 𝑉𝑖𝑚𝑝 of eqn(1) has been

chosen to be Gaussian [57, 58]. It can be written as

𝑉𝑖𝑚𝑝 = 𝑉0 𝑒−𝛾[(𝑥−𝑥0)2+(𝑦−𝑦0)2]. (4)

Above impurity potential is endowed with three
typical impurity parameters, viz. (𝑥0, 𝑦0), 𝑉0 and
𝛾, where (𝑥0, 𝑦0) and 𝑉0 represent the dopant
coordinate and the dopant potential strength,
respectively. And 𝛾−1/2 gives us an impression
of the spatial stretch over which the impurity
potential remains meaningful.
Mathematically, applied Gaussian white noise

is represented by the function 𝜉(𝑥, 𝑦) of eqn(1).
A second function 𝑔(𝑥, 𝑦) is now needed which
ensures the two main features of such noise viz.
zero-mean and spatial 𝛿-correlation. Moreover,
based on the mode of linkage between 𝜉(𝑥, 𝑦) and
𝑔(𝑥, 𝑦), noise being additively or multiplicatively
introduced to the QD system. 𝑔(𝑥, 𝑦) satisfies the
following two conditions standing for zero mean
and spatial 𝛿-correlation, respectively:
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⟨𝑔(𝑥, 𝑦)⟩ = 0 (5)

and

⟨𝑔(𝑥, 𝑦)𝑔(𝑥′, 𝑦′)⟩ = 2𝜁𝛿 [(𝑥, 𝑦) − (𝑥′, 𝑦′)] , (6)

where 𝜁 is the noise strength. The function 𝑔(𝑥, 𝑦),
satisfying above two conditions while maintaining
a Gaussian distribution can be produced by means
of Box-Muller algorithm. The final noise function,
i.e. 𝜉(𝑥, 𝑦) is linked with 𝑔(𝑥, 𝑦) in two different
ways giving rise to additive white noise (WN1) and
multiplicative white noise (WN2) as outlined below:

𝜉(𝑥, 𝑦) = 𝜆1𝑔(𝑥, 𝑦), for WN1 (7)

and

𝜉(𝑥, 𝑦) = 𝜆2𝑔(𝑥, 𝑦)(𝑥 + 𝑦), for WN2. (8)

𝜆1 and 𝜆2 are the two constants.

Linear variational principle, with the trial function
𝜓𝑘(𝑥, 𝑦), has been employed for solving the
time-independent Schrödinger equation. 𝜓𝑘(𝑥, 𝑦)
is composed of the product of harmonic oscillator
eigenstates. Therefore,

𝜓𝑘(𝑥, 𝑦) = ∑
𝑛𝑚

𝑐𝑛𝑚,𝑘 𝜙𝑛(𝑝𝑥)𝜙𝑚(𝑞𝑦), (9)

𝑐𝑛𝑚,𝑘 are the coefficients, 𝑝 = √𝑚∗𝜔0
ℏ and 𝑞 =

√𝑚∗Ω
ℏ .

This is followed by the construction of the
Hamiltonian matrix for 𝐻0 and its subsequent
diagonalization to obtain the normalized eigenvectors
and the energy eigenvalues.
Now, determination of the NLO properties

requires consideration of a polarized monochromatic
electromagnetic field of angular frequency 𝜈 incident
on an ensemble of QDs. This is followed by density
matrix treatment and iterative procedure which
ultimately give the analytical expressions of NOR,
SHG and THG for optical transitions between the
ground and the excited states.

2.1 Nonlinear Optical Rectification (NOR)

The NOR coefficient under two-level system
approximation can be given by [35]

𝜒(2)
0 = 4𝑒3𝜎𝑠

𝜀0ℏ2 𝑀2
𝑖𝑗𝛿𝑖𝑗

× Δ𝐸2
𝑖𝑗 (1 + Γ2/Γ1) + (𝜈2 + Γ2

2) (Γ2/Γ1 − 1)
[(Δ𝐸𝑖𝑗 − 𝜈)2 + Γ2

2] [(Δ𝐸𝑖𝑗 + 𝜈)2 + Γ2
2]

(10)

where 𝑒, 𝜎𝑠, 𝜀0 and 𝜈 are the absolute value of
electron charge, the carrier density, the permittivity
of vacuum and the transition frequency, respectively.

𝑀𝑖𝑗 = 𝑒⟨𝜓𝑖| ̂𝑥 + ̂𝑦|𝜓𝑗⟩, (𝑖, 𝑗 = 1, 2) are the dipole
matrix elements. 𝛿𝑖𝑗 = |𝑀𝑖𝑖 − 𝑀𝑗𝑗|. 𝜓𝑖(𝜓𝑗) and
Δ𝐸𝑖𝑗 = (𝐸𝑖 − 𝐸𝑗)/ℏ are the eigenstates and the
energy interval between these states, respectively.
Γ𝑘 = 1/𝑇𝑘 with 𝑘 = (1, 2) are damping terms
associated with the lifetime (longitudinal and
transverse, respectively) of the electron being
excited.

For 𝜈 ≈ Δ𝐸12, we can write the expression of NOR
peak value as [33]

𝜒(2)
0,𝑚𝑎𝑥 = 2𝑒3𝑇1𝑇2𝜎𝑠𝑀2

12𝛿12/(𝜀0ℏ2). (11)

2.2 Second Harmonic Generation (SHG)

Under two-photon resonance condition (i.e.
ℏ𝜈 = ℏ𝜈21 = ℏ𝜈32) and for a three-level quantum
system, the SHG susceptibility per unit volume can
be expressed as [41]

𝜒(2)
2𝜈 = 𝑒3𝜎𝑠

𝜀0ℏ2
|𝑀12|.|𝑀23|.|𝑀31|

(𝜈 − 𝜈21 + 𝑖Γ21) . (2𝜈 − 𝜈31 + 𝑖Γ31) ,

(12)

Γ = Γ21 = Γ31 is the off-diagonal relaxation rate.

The SHG susceptibility reveals a maximum relevant
to two-photon resonance (ℏ𝜈 = ℏ𝜈21 = ℏ𝜈32 =
ℏ𝜈31/2) given as [38]

𝜒(2)
2𝜈,𝑚𝑎𝑥 = 𝑒3𝜎𝑠

𝜀0

|𝑀12|.|𝑀23|.|𝑀31|
(ℏΓ)2 . (13)

The SHG peak value becomes proportional to the
geometric factor (GF) |𝑀12|.|𝑀23|.|𝑀31|. Therefore,
monitoring the GF would evidently explain the
variation of SHG peak value with change in
physical quantities. For a quantum system having
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inversion symmetry the wave functions are either
symmetric or asymmetric, the dipole matrix element
|𝑀31| disappears and hence the SHG [40].

2.3 Third Harmonic Generation (THG)

Triple resonance condition gives the expression of
THG susceptibility per unit volume [47]

𝜒(3)
3𝜈 = 𝑒4𝜎𝑠

𝜀0ℏ3
𝑀12 ⋅ 𝑀23 ⋅ 𝑀34 ⋅ 𝑀41

(𝜈 − 𝜈21 + 𝑖Γ21)

× 1
(2𝜈 − 𝜈31 + 𝑖Γ31) (3𝜈 − 𝜈41 + 𝑖Γ41)

(14)

Γ𝑖𝑗(𝑖 ≠ 𝑗) = Γ2 = 1/𝑇2 being the off-diagonal
relaxation rate and 𝑇2 is the transverse relaxation
time.

Under triple resonance condition the THG
resonant peak appears at energy corresponding
to ℏ𝜈 = ℏ𝜈21 = ℏ𝜈32 = ℏ𝜈43 = ℏ𝜈41/3 and reads
[47]

𝜒(3)
3𝜈,𝑚𝑎𝑥 = 𝑒4𝜎𝑠

𝜀0

|𝑀12|.|𝑀23|.|𝑀34|.|𝑀41|
𝑖 (ℏΓ2)3 , (15)

where the off-diagonal relaxation rate Γ2 =
Γ21 = Γ31 = Γ41. The geometric factor
(|𝑀12|.|𝑀23|.|𝑀34|.|𝑀41|) gives the THG peak
value (𝜒(3)

3𝜈,𝑚𝑎𝑥) under resonance condition [47].

3. RESULT AND DISCUSSION

In general, the values of various physical
parameters used in the present study are as follows:
𝑚∗ = 0.067𝑚0, where 𝑚0 is the free-electron mass,
𝜀0 = 8.8542 × 10−12𝐹𝑚−1, 𝜎𝑠 = 5.0 × 1024𝑚−3,
𝜏 = 0.14 ps, ℏ𝜔0 = 100.0 meV, 𝐵 = 5.0 T,
𝑉0 = −200.0 meV, (𝑥0, 𝑦0) = (0, 0) (on-center
dopant) and 𝜁 = 1.0 × 10−4, respectively. These
values are spread out in various papers and do not
require any specific citations.
In the forthcoming discussions it would be

found that the features of various NLO properties
noticeably depend on the mode of application of
noise (WN1 or WN2). Thus, prior to the said
discussion, we elucidate the importance of noise
mode to avoid repetition and keep the manuscript
brief. The dependence of the features of the NLO
properties on noise mode stems from the fact that
WN1 and WN2 modify the QD confinement in
diverse ways. Whereas WN2 makes a rather strong

coupling with the noise-free system, the coupling
becomes relatively weak in case of WN1. As a result,
the effective confinement of the system becomes
different under WN1 and WN2 resulting into
emergence of diverse features in the NLO properties.
A varying CFR, along with noise (including its
mode) actually govern the overlap between the
relevant eigenstates and the energy level separations.
Thus, the magnitude of the NLO properties is also
affected. The complex interplay between the CFR
and the noise mode influences the overlap between
the eigenstates and the energy intervals in such a
subtle way that the profiles of the NLO properties
often become non-monotonic. In consequence, we
observe maximization/minimization in the NLO
profiles.

3.1 Nonlinear optical rectification (NOR)

Figure 1a-c depict the NOR diagrams as a function
of the incoming photon energy for five different
values of CFR, in absence of noise and under
WN1 and WN2, respectively. In absence of noise
and under applied WN1 the NOR peaks reveal
monotonic red-shift as CFR increases. On the other
hand, in presence of WN2, the NOR peaks do not
reveal any observable shift as the CFR changes.
Earlier we have mentioned that a steady increase
in CFR brings about some kind of contrasting
changes in the confinement. It causes simultaneous
growth of 𝑦-confinement as well as a fall of both
𝑥 and 𝑦 confinements. The nature of the peak
shift indicates that, without noise and under WN1,
there occurs a net reduction in the QD confinement
as CFR increases. This leads to the fall of the
energy level separations giving rise to the red-shifts
[36]. However, in presence of WN2, the overall
confinement attains some sort of saturation with
respect to CFR thereby denying any peak shift.
Figure 1d delineates the variation of NOR peak

height against CFR in presence and absence of
noise. Under noise-free state and in presence of
WN2 the NOR peak values show minimization in
the vicinity of 𝜔𝑟 ∼ 1.0. Under applied WN1, the
peak height exhibits a steady growth with increase
in CFR. The enhancement of NOR is said to be
related with increase in asymmetry of the system
[35] and thus to the enhancement of the geometric
factor (GF), viz. 𝑀2

12𝛿12 [33]. The magnitude of
NOR coefficient depends on the square of the dipole
matrix elements and also on the energy interval in a
complex way. In general, a reduction of confinement
potential causes an increment of the extended areas
of the wave functions. In consequence, the extent of
overlap between the wave functions increases, which,

89 |Quantum Advances, 2026, Vol. 2, No. 3, 86-96 © Ariston Publications 2026. All rights reserved.



Exploring a few nonlinear optical properties of doped GaAs S. Beltharia et al.

Fig. 1. Plots of NOR vs ℎ𝜈 for five different values of CFR: (i) 𝜔𝑟 = 0.1, (ii) 𝜔𝑟 = 0.5, (iii) 𝜔𝑟 = 1.0, (iv)
𝜔𝑟 = 2.0 and (v) 𝜔𝑟 = 3.0: (a) devoid of noise, (b) with WN1 and (c) with WN2. (d) Plots of NOR peak heights
vs CFR: (i) without noise, (ii) under WN1 and (iii) under WN2.

in turn, raises the magnitude of the dipole moment
matrix elements. Thus, a fall of confinement usually
increases the NOR peak intensity [36]. Conversely,
an increase in the confinement makes the electron
more energy rich leading to a diminish in the overlap
between the concerned eigenstates. As a result, the
NOR peak height decreases [36, 37]. In all situations
the overall variation of NOR peak intensity with
CFR depends sensitively on the energy intervals
and the dipole matrix elements [26]. Presence of
noise (including its mode of application) makes the
scenario much more complicated. However, in case
of NOR, superseding the other parameters, the peak
values are principally guided by the asymmetric
character of the system. The findings suggest that,
without noise and in presence of WN2, as a result of
complex interplay mentioned above, the asymmetric
nature of the system minimizes around 𝜔𝑟 ∼ 1.0,
whereas, under WN1, the said interplay steadily
augments the asymmetric nature of the system with
increase in CFR.

3.2 Second harmonic generation (SHG)

Figure 2a-c describe the SHG profiles against the
changing incident photon energy for five different
values of CFR, both with and without noise. In
absence of noise and under applied WN1 the SHG
peaks evince steady red-shift as CFR increases.
On the other hand, in presence of WN2, the SHG
peaks remain unshifted with the change of CFR. It
has been previously mentioned that a monotonic
enhancement of CFR causes kind of contrasting
changes in the confinement. It causes enhancement
of the 𝑦-confinement and diminish of both 𝑥 and 𝑦
confinements at the same time. The pattern of the
peak shift indicates that, without noise and under
WN1, there occurs an overall depletion of the QD
confinement as CFR enhances. The said depletion
reduces the energy intervals giving rise to the
red-shifts [38, 42]. However, in presence of WN2,
the overall confinement culminates in saturation
with increase in CFR and the SHG peaks remain
unshifted.
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Fig. 2. Profiles of SHG vs ℎ𝜈 for five different values of CFR: (i) 𝜔𝑟 = 0.1, (ii) 𝜔𝑟 = 0.5, (iii) 𝜔𝑟 = 1.0, (iv)
𝜔𝑟 = 2.0 and (v) 𝜔𝑟 = 3.0: (a) devoid of noise, (b) with WN1 and (c) with WN2. (d) Plots of SHG peak heights
vs CFR: (i) without noise, (ii) under WN1 and (iii) under WN2.

Figure 2d delineates the variation of SHG peak
height against CFR in presence and absence of
noise. In absence of noise and under WN1 the
SHG peaks undergo minimization and maximization,
respectively, in the vicinity of 𝜔𝑟 ∼ 1.0. Under
applied WN2, on the other hand, the SHG peaks
manifest steady decline with increase in CFR.
Generally, a decrease in system confinement makes
the wave function spread over a wider region (the
extended areas of wave function) thereby enhancing
its scope of overlap [41]. However, in case of
SHG, apart from the asymmetry factor the energy
level separations also play an even more dominant
role. Thus, the pattern of variation of SHG peak
heights with CFR appears to be different from that
in case of NOR. Therefore, in case of SHG, the
dominant role of energy intervals, coupled with the
somewhat weaker role of wave function overlap and
applied noise (including its pathway of application)
determine the overall pattern of variation of SHG
plots against CFR.

3.3 Third harmonic generation (THG)

Figure 3a-c manifest the THG profiles against the
impinging photon energy for five different values
of CFR, both considering and ignoring noise. Under
noise-free state and in presence of WN1 the THG
peaks exhibit steady red-shift as CFR increases
[46, 48, 50–52]. On the other hand, under applied
WN2, the THG peaks do not undergo any shift
as CFR increases. The observation reflects that,
without noise and under WN1, the QD confinement
suffers an overall depletion with increase in CFR.
The depletion enhances the effective parabolic well
width [45] and reduces the energy intervals resulting
into the red-shift. Under applied WN2, on the other
hand, the overall confinement settles to some steady
value as CFR increases and the THG peaks remain
unshifted.
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Fig. 3. The THG curves vs ℎ𝜈 for five different values of CFR: (i) 𝜔𝑟 = 0.1, (ii) 𝜔𝑟 = 0.5, (iii) 𝜔𝑟 = 1.0, (iv)
𝜔𝑟 = 2.0 and (v) 𝜔𝑟 = 3.0: (a) free of noise, (b) considering WN1 and (c) considering WN2. (d) Plots of THG
peak heights vs CFR: (i) noise-free state, (ii) under WN1 and (iii) under WN2.

4. CONCLUSION

The influence of subtle interplay between the
confinement ratio (CFR) and noise on a few NLO
properties (NOR, SHG and THG) of impurity doped
GaAs QD has been minutely examined. The said
interplay reveals noticeable dependence on the
pathway of application (additive/multiplicative) of
noise.
All the NLO properties evince prominent red-shift

of their peaks in absence of noise and under applied
WN1 with increase in CFR. However, under applied
WN2, the said peaks remain nearly unshifted as the
CFR changes.
From a technological viewpoint emergence of large

NLO properties is quite desirable. In view of this,
one has to keep the CFR away from unity to get
large NOR coefficient in absence of noise and under
WN2. However, under applied WN1, a large value of
CFR appears to be conducive for the production of
large NOR.

For the production of large SHG under noise-free
state one needs to keep CFR away from unity.
However, in presence of WN1, maximum SHG can
be obtained in the vicinity of CFR ∼ 1.0. And in
presence of WN2, large SHG can be expected for
very low values of CFR.
In absence of noise, high value of CFR is required

for generation of large THG. However, emergence
of THG can be maximized in presence of noise by
keeping CFR in the vicinity of 1.0 for WN1 and
2.0 for WN2, respectively.
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